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Bbo;< FIFTEEN 



TWO POINTS TO TWO POINTS (Continued) 

> ■ * ■ ' 

You know that .11 r-» 3 X LI take/ ybu from 5 to 15 and from 7 to 21 
How could you. change this rule.' so/that 5 — ^ 16 and/,7 — > ?2 < 



2, Write a rule: 

START 
5 
7 



LAND 
18 



-> 24 



V 



It you wrote 3 X (IJ + 1 ), you were correct. However, there is a 
simpler and, in the present context, more helpful way~to write the 
rule* □ ■ — > 'SXD+S. 



Write a rule; 




I 



□ 



/ 



A 
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'4. \^rite a rule: 

START 

5- . ■ 

■ • '7 . ' .• 

f>, . W^'ite a riUe:. 

^"^TART' 

' - - ' • ' '.5 = ' 



J-7 



I 



LAND 
-> 0, 



( 



LAND 
1 



-2 



3| 



□ 



4 




Starting 
Points 



landing 
Points 



Ist Starting pt. 

* minus 
2nd Starting \>U 



Ist Landing pt, 

^ minus 
2nd Landing pt. 



Rule 



.1. 



6 
0 



^ 18 



^ 0 



G 



IS \ 



□ 



3. 



4. 



.6 

d 



17 



6 
0 



18 



982 



8 
1 



-> 32 
4 



5. 



8 > . 38 

1 > 10 



8 



28 ' 



101 



7 



23 
16. 



□ — > U X s 



8, 



23 
.16 



-> 226 
191 



1 



■> 8 
-> 13 



10. 



12 

6 



^ 25 
-> ^3 



11. 



12 - 
6 ■■ 



23 
^ .11 
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12. 



12 
6 



24 
-> 0 



13. 



12 
6 



~ 

-> 120 



0 



J- 7 



1. 



3. 



4, 



5. 



6, 



8. 



.9. 



10. 



11. 



Stafting 
Points 



T 



Laading 
. Poinds 
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J-7 



4' 

13 
6 



16 



43.1 



'300 



ISO 



^ 100 



50 



-> 50 



iOO, 
150 



57 



-> 3Z 
/ 



300 
150 



37 4 



4 

3 ■ 



300 
150 



-29. 



' 17' 



■ Le 



ave 



'Blank 



30 
20 



45 
30 



30 > 116 

20 — 101 



.30 
20 



27i 
20 



|l!!t Starting pt. 

;^iinus ■ 
Starting pt. 



\ . ■■ •. ■ 

1st Landing pt. 

minus 
2ncl Landing ptv 



t 3 is ):he same rule as □ 



■v 



X n . 



Rule 



□ > □ ■r"'3''" 



□ 



7 X □ 
6 



. ^ X □ - 54 



Jn a Btudent' s words, whaVis"a;g€neral procedure for finding a rule that 
;.takes you from two given starting points. on a number line to two given; * 
landing points ?' .. ■ ; • ^ , ' ; 



Write a rul^: 



START 
11 
'l7 



XAND 
ID 

-> ,30 



□ 



11. COMPOSITION 



Occasionally an incident like^ th^ following will occur ii\ a classroom: 



^ Teacher: 



Star.t at 5 and makq one ju;mp with the rule 
□ /-> 3 X □ - 4 . 



Student (tilinMng aloud): 

■ , Well, 3 times. 5 is 15, sp first you land on 

15. Then 15 minus 4 is 1 1 ,^ /So if ydU start 
s 0^x5 you land 1. • . 




!, bulrthis iu 



The answer 11 is right, of course, bulTthis jump never involved landing on 15 
If one were to draw a picture of this jukip, one would draw 




0 1 



9 10 11 12 13 14 15 



and not • 



H 1 4- 



0 .1 




10 11 12 : 13' 14 15 



K 1-./ 



On the (Wther hand, the child whp draws the two arfows'has senged a very im 
portant thing, U one were to use each of the rules / 



and 



□ 



3 X 



— — > 



□ - 



4... 



one right after the other, ^he result ^s^^t^ as using just once the,, rule 



□ ; 



-> 3 X 



□ - 



If we label the two simpler rujtes a and b like this: 



□ 



-» 3, 



. b 



•><□ 



then it makes sense to call the more complicated rule ab : 
The number lines below, show the same jumps we had before. 



•C " ^ 




0 1 2 3 4 5 6 7 8 9 10 11 12 13 .14 15 




□ 



write a single rule galled cd ) which has the same effect a,s using first 
Tule c' a:nd' then irules) d . 




cd 



o 



Start at Z arid make one jiiriip yvith rule c , Where do. you land ? 



Starting, ajt, this new number maike one jump using rule d . Whe2;e do you 



land? 



NoV "m^ke one jump with your tule cd , s!|trting back at 2, Where do ypu 
l^nd? „.(iYour last t\^o answers should be the . same* ), 




nother check of youjr rule cd . Use the indicated rulesyro fill in the blanks 
with numbers* „ ■■ . ■ ■ " 



v 



•> 10 



A- 'd 



cd 



Should be the same. 



^ T 



2." Rules e and f are 



Write. ru4e ef : 



'vri 

□ 

□ 



ef 



As a checkj try a number in wedge: 



100 



70 




> The- s ame ? 



ef 



AT 



\ 



(Often one test ni^jriber and insight will convince you beyond doubt. Other-- 
wise test with more starting nunnbers, Tou should be sure your proposed rule 
works for all starting numbers, ) \ * ^ . - 
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10 



■ V 



3. Write rule . gh : 



□ 



g 




/ 

gh- 



:k one nvimber for both ,". 
wedges. Compute t^e num-. 
her for 'cloud using, rule g ,/ 
Put the saime number in botii 
clouds. Find ..the indicated; 
landing points. : ' 



+ 



\ 





+ 



□ 



g 




gh 




^. The . 
same 1? 



If you got' □ > 5 X □ , f£jr rule gh , fon have the most likply wrong 
answer, and-this paragraph is for you. Try starting af 5, for example. You 
cafi now compute . • | • ^ 



and 



, 5 
15 



g 



15 



30 



If your rule', gh were^^rrect, it would give you 30 when you'start on 5. 
But It doesn' t; it takes yOv to 25 instead. Can you fix it? Rule, gh ' is 'the 
same as first tripling a Ambe'r and then doubling the~^es^t. This is the 



same as multiplyimg it by 
your^ answer on page "10." 



Hule gh is □ 



X □ . Check 



4. • New rules: 



• □ 



Write rule *ab : 



□ 



ab 



3 X 



2 X 



□ 
□ 



+ 



Check by starting at 10 . 






ab 



;> Should be the same. 



5, New rules: 



7N 



rulu ccl : 



cd 



+ v3' 



+ 



•(Hint: Tht: rule ccl is not d —-^ 2XD + 3 , nor is it 
pheck yyur result with one or more numbers as before. 



□ 




J-7 
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cd 



3 □ +-3 . ),. 



It - 



r 



7. 



6» Rule 31 



0^. 



Write rule ab 



ab 



5 X 



^heck 



your rule, with onp or more-numbers* 



Ruief: . 



+ • .'io 



Write rules cd and do : 



cd 



dc 



(Note that rule dc is very different frorh.rule cd , If in doubt check- bo 
rxiles. ) V " ' . ^ . ' ' ' ' ' 



Aniwer fot* 



•wer fot page 8: Rule gh is □ 



6 X □ . 




J- 



V 



■J 



I 



Epilog ue 



Y|^u. may have wondored whether there is always only one rule which .takes 
two" given' ptAnts to two given points. To answer this question consider the 
\rvP/:,"hiem of find in^is a^vile with ^ * * ' 

. ^ • START LAND ■ 



4 

8 



-> 1 
-5* 9 



One way to picture these jumps is 



H h 




H h 



-4— hO- 



+ 4- 

8 • 9' 10 11 /12 



However, there is a^^j^ther way of showing sta/ting and la/ding.num"bers. 
If we want to show the jump from 4 to 1 , we place a dot 1 unit above' 4. on 
the number; line'. Soihstead of drawing * ■ 



*-+- — i d • I rt 

-4 i-S --2 -f 



we draw a. picture like thijsr " , 




-\ h 



■! 1 

6 7 8 9 10 



H — -H- 



V r I 



-H h 



-3.-2: -1 0 . 1 



7 8 9 10 
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u 



11 



-2l 



1? 



^ 



To make it ^^aeier to put the do't at the carre.ct height we make a vertical number 
, line through zero and draw lighter lines vertically and horizQ^Jally as guides: 



Landing 
Nunibtir 



































.... 


f 






8- 
7- 
6- 




/- 




— 






— - 






















































I' 




-5- 
4- 














/ - 


t 
















-a- 






























































-it- 
























































• 


< - 


J - 


I - 


— * 

1 ( 


1 


; 












f 1 




1 





























Starting 



Fig. 1 



I 



The single dot in Figure 1 stands for the jump from 4 to 1 r 

. The next pictul^e shows the points ('4, 1 ) and (8,9) marked. They show 
^he tAj/o jum|)s that we want our. rul^lto have. , ^ 

i-jandmg 



Landing 
Number 



































. 7- 


K 
























f 






-9- 
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-f- 












































































-5- 


































































































■l 


» : 












1 - 


\ - 










^) 




- '1 




> • 






f. / 



























































































\ 



starting 



Fig. i 



Geometry tells jlat through two given points^orI(S*'ancl only one straight 
line can bo <lr>awn. Draw the one line'that joins the two clots in Figure 2 . 
That line depicts many'jumps with the rule *U — > I X U - 7 .'-The fact 

« 

that there ia only one lint? through the two points tells us that there is only one 
^^itiear'"' rule that has jumps from 4 to 1 and from 8 to 9 . J* . 

The number plane may help you , to imagine that there may be other more 
Complicated rules which have the two required jumps. The next picture shows 
(jumpa with the rule □ — > nxD - 10 X □ + 25. (Thi^ ia not a linear 
rule' because of the UXLl . ) If you test thia-^iile you will fiJi.d that 4 — 1 
and 8 > 9 . ' ■ ' ' 



i 



Landing , 























4e- 
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J- 






i 




















1 ... 
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0 










>_ 




ft 






) 
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) 










5 


















■ V 








































( ■ 






• 


























































1 




\ 



































































Starting 
rILmber 



Fig. 5 



Rules in which □ is multiplied by □ always have curveg something like 
the one above. 1 Wjfuen a rule involves DX DWD^ ^r the curve gets more compli*^ 
cate(i* You need not be^ concernea with such rule^j^.r^gw. ■ 



' *A lirfear rule is one that can be written in the fbrm □ — > a 

where a and b are numbers* As you may have gueesedi the graph pf ^t^ 
linear rule ie a Atrtfig^t line* r \ 



1 > 



Summary of 
• "rfule? 




oblems in the Film 
ing Xtvo Points" 



Sth Grade, . James Russel-l Lowell School, Watertpwn, Massa-chusetts 

^ Teacher: Pavid A. Page ^ „ 



Note: This summary includes the relevant section of the preceding day'^ class., * 
and all the probl«»ms' given durinc Che filmed class. ' Section's that, appear here • 
in dotted boxes' are thoa^e which fere not included in^ the film. . ' 



-f , 



I !■ I 1 i l -X - 



H h 



^ — I " 'I . I 



H — I — h 



-5 -4-i -1 0 l a 3 4 5 6 7 8 9 10 11 12 13 14 16 16 17 18 19 



20 21 



Now we're going to take "both of these x's, use one "number~line rule, 
jump them to a new Ip^ation, and find out how far apart they are then. 

How far" between. th'e xQ? ".' (3 units) ' 

Here's a r-ule: □ ' - — ^ 4 X □ .. ; 

What happens tp 1 using this rule? (1 goes tq 4 , so the rule is^ 
' . discarded as confusing) 



Gha'nge rule to □ 6 X ■□ 

What happens to' 1 with this rule? 
• What, happens to 4 ? 
■' How far betwe^en 1 and 4 ? 
How far be_tween 5 and 20 ? ' 



(Lands at !5 ) ■ 
(3 units) 



New r^ulejv □ 2 X ■ ■ ■ ' ' 

. What happens if we put 1 in rule b ? (G(S| to ' 2 ) 

What liappens to 4 ? • > 



How far from 2 tb 8 ? 



(6 unit?) 



Using the rule H 
points will be ? 



J X n , ho\a far apart do you predict the landing 

. ' (9 units ) 



(Next day, ) 



— T ■■ / f I — -1 1 I I nr 

-7 -\6 -5 -4 ~3 -2 -1 O' 1 Z 3 4 5 6^ 7 8 9 10 ^11 12 13 

rule: 11.-^ ZXn ^ . . • 

Put 5 through that rule, where does it go? -(10) 
, Put 9 through the ru^e, where does it go? 
How far between 5 and 9 ? 
How. for. between 10 and- 18 ? ' 



-h — »- 



-I— 4- 



I I ' ' I 



New 



I . I 
14 15 



Give a rule b .that will give landing points 12 units apart when we 
start with 5 an'cl 9 . " * - 

Put 5 in this rule, where^ doe's it go? 

Put 9^. in this rulo^ 

How far is it be'tween 15 and 27 ? 



» b • . 

(Answer: □ — ^ 3 X □ ) 




Now get a rule using 5*^ ^ndf 9 so that the landing points will be 



• I - - . » 

2 units apWrt, ^ - (Two answers; □ 

Put 5 in rule c , lariH? 



□ 



- Put 9 in rule, c , V^at do you get? 
How far between 2 \ and 4 -7 ? 
Using ruJfv d ; where does 6 go? 



Get a rule that k^eps the two points four uxiits apart and makes them . 

•both* negative. (■' Any number m'iniising above 10 , ." e. g. , □ □ 

. ^ Using the rule □: — □ - 11 , ,|tarting at 5 what happens? 

^' (Land at -6) 

Where do you go starting at 9 ? j - (-iJ) : 



11) 
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15 



New rule: I I — * i XD - 10 .. i. 

• Prtulict what this jj^ule is gping to do, V, . V * . . ^ 

,j(fiome predictions; "Every •tw6 points that you put in 
' » . /i^ ^nd lip t>yo unit^ apart^ "That's nQt true because there 

f H a standstill'lpoi\nl! and that^s no units apatt. 
What is the standstill point? '(5) • , . 

- • • Hiding 5 and .8 for the two pyints, where does, 5^ go? (5) 



.Whoro does "8 



go?. 



(14) 



How far ivuE^\ 5 to 14 ? * - 

How far frot?r"3' to. 8 ? 

If we picked two other points, what do you think would happen? 

Try 15 and 20 . How far apart are Ip and 20 ? 

e (5 unils)' . 

Put 15 in the rule, where doe s it go? (36) 



Put ^iO in the rule, whe.re does it go? 
Mow far apart\are 35 and 50 ,? 
What is happening?' " 



. (50) ' 
(1^ units) 



"You n\oan if we staH out at an odd 
numher for the distance, we end up with 
an ofid number for \he distance? Is he 

^ ri^ht, Janet?" 



"Every answei^ willycome out an odd 
number. From J 5 to 20 is five and 
that' s an odd number ; and 5. to 14 is^ 
^ine units and that's an odd number. " 



"Do you bulieve that, Andrea?" 



"Yes, and if yq^Jput in an even number,^ 
it will come out to be an even number. ", 

\ . > ^ 

"I have my own solution: 5 to 8 is 

tht^e UAi.ts apart and when ybu dift the 
whole rule, the number of units Be- 
tween the 2 points was 3 times the 
three [\:(|^its]| and that was nine units, 
and that's what happened* With the 
15 and 20 , 15 went to 45 subtract 
10 IS 36 • 20 wertt to 50 and thon-^ 
that 15 and 20 were five unita^ apart 
and five times 3 is fifteen funits]. 
That's how' you get how many units \ 
they will be apart." 



Chartge.the rule a littlp bit so that if 'we start out with 5 and 8 , w.e end' 
up with points •<? units apart, i)ut one of the pointB is 0 . '■'^ 

. ' , (Wrong answer of □• 2 X 0 - 10; " 

' Correct answer: □ — > 3 X Q - 1,5).;. 

With the rule □ ^\ 3XLII - 1 B , 5 g«}iea sto 0 Ma^ke uii. another ', 

r/ule so th^it 8 is the one that goes to 0 • 



(Wrong answers: □ -> ^^^.^^ '"^ '^^'^ ° "^^^ 



Correct ansAvfer:' 3 X □ 24 ) * 
Using t hi rule. 3 X'^D r .24 , whe!^e does 5 ' gp? (.(-9) 

Where does"^ 8 go? . . 

. Hoyv far.apart a.i*^ 0 knd ^9 ?, 



Now.the. starting poinjs a,re 0 ari^ ' 1 /'. Write tiown a ^eule that gets landing^ 
points that are, 6 units ap/lrt and one /of them is 10 . 

. ^ / ^Answer; □ 7r->. 6 X 03 + ♦4 ) 

• Usiing this rul6, what happen^ to. 0^>? ' (Lands at ^ Y 

What happens to 1 .? ' 
V How far apart are/ 4 aad 10 ? * 
\4( What is the pther rule that does it? ( D,— > 6 + 10 ) 

Put 1 inthis.rule, w.hat happens?" , (Lands at 16, ) 
How f^r apart_axe^lO and 16 ? 

^ Now the t\yo starting points are 2 and 6 , and the, two landing points are 

4 and 20 . Make up a rule^that will g^t you from the two starting points - 
X-tp^e two landing points. . 

.... ■. ■ ■ • ■ / • ■ ■ ' ■ ■: « ■ . \ ■■ ■ . . ■ ■ .. . . • 

■ ' ' S L ,6 ■ . ., ^ .. .. L ■ 

H — I II — ItH — I ' ' I ' K I I — I— I — f— ^ — I — u-L 



V 



— \ — h 

. 0 1 2 3 4 5 6 7 8 



■I " \ I I — I— I — I III — I \ I — I — I — ' 
9 l(f 11 12 13 14 15 16 17 18 19 20 21 



: ' (Ans: •□ 4 X □ - . 4 j 



: I Using □ — ^ 4X,D ^ 4 , letis try 2 , 

x: I '♦ .-. ■ ' . 

I What About 6 ? . 



I 'Now find the rule that will take you front 2 to 20 arid 6 to 4. 



Supplement 



Examples' of Que stionsj DeAling With □ 



A' 



n ><; □ 



In a- recent written lesson you were asked to write a sequence of. 
questions int'roducing the rule □ - — > □ X □ . We thought you might 

be interested in seeing.some ways this question has been answered by 

• ' . * . • • ' •» 

others ♦ ... • ^ / 

• * ■ . « ' ■ . . ■ 

The first four of the^e examples were wTit ten by participants in 

tin institute such as yo«rt^/ The remaining four are the individual re- 

sponses of four Arithmetic Project staff members. The variety of 

possible styles in approaching such a qu^e^tion ig particularly noteworthy^ 

—-- in s titti^e p a rt ici pan}:s- -w-ork :1ms— beet^ clarity >-|blrt~i: 

most cas.eg their notation has" not been altered. You may find that sopie 

' ' * ^ . •■..■*•••■ 

ways of writing qu^stions^ and answers seem clearer than others. Whe^re 
errors occurred the corrector's comments are'' included in a footnote. 



18 

erJc 



•V 



2i 



/ 



• ■ ■ • . 

Assume you teach a, fifth or^sixth grade, "and you have' worked with prob- 
liMus involving .the niulri^lication of negatives (i,e,, your clasj has done such 
things ay = 16). ^ L 4 

Now conaider,-the rule * ^ ^ v 



□ « □ ■ * 



•Write 10 or more specific qu^tions . or problems, (arnd givq th'q answers) tKat 
you mi^ht use to enable your students Jto make s4me gerjeralizatJons cibout thi*s 

.rule. You want them to find out such thing^s as the set^^^rora what starting 
points do jumps with this rule go to the right? To the left? Are there regions 

.you can' t land on at all? What about stanc^still points^ 



SAJvlPLE A 



-7 



-/ 













3 


■• 


4 


X 


3 



3' 



^9 



X 



X 



X 



-7 



X 

'I 

X 



-7 



-/ 



goes to the right 



II. 11 II 



L 

M 



II II II 




11 II II 



Using above> rule: 



!*• Any negative number or 
any f)psitiva number greatier 
than 'I when multiplied by 
itself— jumping rule g^oes tOy 
right. , 



2. .-1 goes to the right* 
+ 1 standstilL Also 0. 



X ^ 



Standstill (Also^ 
tt:^ other 8f ) ^ 

( 



19 



SAWtPlCE A , continued 



7/, 



3 



.It ' 





S 


1 




X 


1 












4 


X 


'1' 



V* 



■goes to the left 



7^ 



/ 



goe^ to the right 



3. Positive fractions go to 
the left, negative fractions 
• go to the right. 



c 



4, UnaSle to land in negatii-e 
regions because - X'- • = > 



) ■ 




20 
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i 
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SAMPLE B 



i. 

4. 

5. 



-4 \ 
-5 



r' 



^ 5 45A 5 = 25 

^ -1 X -1 = 1 

*4 X -4 = ,16 

-.6 X .5 = 25 



»' ^20' X -zd^ = ^00 



' j, " we- ever land oiv -25 .with this rule? . .Why or why not?. 

• (No. Because a nogative times a. negative, 

• gives a positive, ) • ' . 



7. 

8. s 



9. 



Using this rule'will we ever go to the left on the nuAber line? • (No)* 

What number is a standstill point? 

= 0 ) Can there be .any others ? (Nq. )t 



( 0 



O X 0 



' ■ ■■ ■ ■ ■ \ '■ ^ f : ^ ■ ■ ■ 

Can you change the rule so it would'.be possible to land on -25 ? 



□ 



X 5 



10. 



-5 X 5 



-25 



^ ■ - ■ " 

In what direction do we naove using this new rule and starting, at -5 ? 
(Xeft. Show this on the number line. ) * , - ^ 



I F I' I I I I I I 1 1 1/ I I I I I I 




' I. ■! r ■( I I . 'I t ' ' I 

5 > ■: 0 



< -25 



-20 



-15 



-10 



The'-answer to this que^ion is, of'course, incorrect. The corrector. wrote: 
"In question 7, try starting at 8 ' Vl^ ' 8 ' ^^''* " 



t The 



corrector wrote: "Try 1 , " 



1 



» 1 



, SAMPI^E. C 



ConsiderThe rul^ ^ ^ | ^ — > | j X | | • ,Use the numbers, belo\v ^ ^ 



-and mak^one jurtip witjy^acl^^ Marie each starting' placa and each landing |ilace 
on the. number IvAe* ■ ' , " ' ^ • .' • 




;U0 -9 -y -7 ,6 -5 ^4 -3 ^2 -1 0 1 2 3 4 6 h 7 8 9 10 11 12 13 14- 



Start" 



•rZ 



-3 

> 

-1. 



Land 



□ 




4 
9 




9- 



0 



+ 1 



+1 



.^Distance 



A 
A 




a 2 



A 



ERIC. 



■ \ 

% * :• 



J - 



The corrector wrote: "TftiB should be 0. " 



.. . \ 




A- 



\ ' ' ' - ■ • • • 

Questions: • "* ■ . ■ . ' , 

• » . . ■ ■ ■ ■; ' • 

* ; • • . ^ ■ 

. . A. What numbers can be used in the rule to make juniips lo the «right? 
, (All numbers'.)* : ' ' ■ • ' " / ' ' ^ . . 

<y^. .•.BV- Who can name a^starting place that woulql allow us to move to the 
.left? (There are non^. . However^., try every number a child rfti'ffht 
give.)/^ > -. ' . . 

.'C._ *Frc)m examining, thte above jump -"problems, who can pame a stan'4-. 
... ' still;point?:(l) ^ r - .j^ V. 

... ■ I* . • ■ . ■; . . . ■ • • 

•. D: AreHhere any other .standatill points.?,. (Ye^..) Name ■th&rn. (0). 



■ V 



i 



The answers to A arid B are incorrec/t?N^ The corrector wrote: ''Try — 
and other fractions. \ - \ 



SAMP! 



I, 



,\\ I) ^ . 



1^ 



-a 



-J 



/ 

I 



-T-> 



-5 



3 



^2 



/ 



X 
X 

X- 

X 
X. 



-5. 



-3 



W^^iove to the ^ 



\ 

r 



We move to, the 



It would seem that all starting^ places rru^k-e us ^TVoy,e to the right except 
positive fractions ^ ' ' * i • * • 

'tVhere will you land? ' V : ' • . . 



Start 
. — « . — 

>-.3 

-1 
1 

3 



V 



.Land 





i. 

9 f 



Where does the pattern change ? (Starting poirtts from 1 to -1 .) 

■■■ ^ « . < . ■ 

♦ Can you find a starting place wlie re we will have to land right back on 
the^Va me, number? (0) la there^another ? (1) Why not -1? (We. 
' . \woutd get a posttiv^ answe r. ) ' f - * 

Wht?ro will I have to'sf^rt to land oh' 



4 ? 

5 ? 
1 ? 
0 ? 

1 . 

4,' 



( 2 or 

( nT* or 

( ' 1 -or 

( \ 0 



-2 ) 



( 



1 



or 



2 

( ^•SN^Jusnj^osaible 



) ■ 



C 




(Neither a negative number sqyayed nor a^jo^sitiye fiumber squared can 
posBiblj^-give a negativQi. ans.wer, ) , , : *, 




Start at Whare do you Umd? (9) 




I I I I .' I I n , | 

20 



29 



■/ 



Start at . wLre do yovi land? (16) . - ^ . * . ' ! 

3. lan'decl at 9, Find iinother stai'ting place so that you land at 9. (-3) , 

t 

. . Whero can wiv start to land on 121? (ft) ■ ' ^ 

Another' place to start to land an 121,? (-11)^ '"^ • - 

Whore can wo start to land on -4? (You cannot land on -4) - ] 

Why? -(Becauso you can only land on positive numbers and zero ) 
1 . 1 •-■ .--^ 

'Start at 2-. Where do you land? (6-^) V " 

^ . . * 4 # . 

, ■ ' ' ■ '■ • ' ■'■* -- ' " , . • .- 

If you start on. -4-^, will the jump^be longer or shorter than 20 spaces ? 

( Longer) How.. do you know? ( The jump: from -3 goes to 9 and the jump 

^from -4 goes to 16, s<r the fartfier you go^own the lin'e the longer the 

jump, ^fnce the jump from ^4 is" 20 spaces thg jump from -4- will 

, 1 ' ■< 2 

be longer, ) • 

' Whore will you land if you start at -4- ? (18-^ ) 

^ • • 4 ■ _ 16 ' ' . , 

All the jumps so far have gone to,, the right. Find a place to start so 

the jump goes to the left, (Any fraction between 0 and 1) 

• Whore are all the starting places so that we go^to the lef*t? (Any fraction 

between 0 and 1 ) 

' 1 

Start at j and think of nQ/l<-ing lol^. and lots of jump^. "Hew many jumps 
. will you have to make so that you land on, 0? (You nevC^rw^U land on 0. ) 



ERIC 



1 » . 



23 



/ 



i 

0^ 



> 25 



SAMPLE E. continued 

■ ' • ■ ; ■ ■ i < . 

Where can you sfatt to land on OV (0) . , . ' 

b'lncl another sjandstill point. M ) 

la there another?' (No) ' . 

Why? • (Any negative niimbe r ..will land in the positives. Any number bigger 
than 1 •times utsolf will be bigger than itself^.and any fraction times itself, 
will be amallor, ) ^ . * 

vSo the only staj^dstill points ^re 0 and 1 . .Can you change the rule by adtiing 

or subtracting something so the standstill points are -1 and 2 ? 

• . . s . . . . ^ ■ • ■ 

V . . I. ■ _ 

'a. — ^ □ X □ - • 

■ ■ ■ A ^ 

■ * . — H — —J— — I — XD u(T3 I ^ — I — • 

-3 -;i -I i 3 r 

-I — 1&- 



* ■ . • ' ... * 

■ ri - — -> '>'■'„.■' 

\ ..□ ^ n.x n - 2 ^ 



If the standstill points are -2 and 3 , wha.t is a rule"? □ ■ — >. □ X □ - 6 



-4 Tand 5?' H -r*-3f □ X □ - 20 

■ ■ ' • V ■ , 

-99 and 100 ? I □ □ X □ i 9,900 



. . SAMPLE F 



I 




-5 T^a -I 0 

Start at 3. Land: 
S,tart at 4. Land: 



Q> "7 y 



rr /2. a If /5 16 17 /X 



(9) 

(16) 



Where else can you s'tart to land on 16? (-4) • 
Where can you start to land on 64? (8; -8) On 10,000? (100 
Tj Whepe can you w»rt to get a smaller jump than any so far? 

S: « 2 , . 2 > 4 . That's only- 2 spaces. 

S': 



, -lOo/ 



S: 
T 
S: 
S: 



- I . ^ I 

1-i li 
2> 2 



1 . And that's also 2 spaces. 



1 



That's less than 2 s]^aces. 



Can you find a stands tin point? 

AJso 1 . ' y ' V 

T:^ So far, all jumps have gone to the right. Can you find a starting place 

so jumps go tq tli^ left? ^ ■ 

S: No, Since this^ule multiplies numbers by themselves, you'll either stand 
still or , get bigger. So you have to go u£ the line? 
• S: What happens if you start at ? 



1 " 

/S: You'lVget to; — , and that goes backwarcls. 

4, , 

T: Wljere else can- you start to "go backwards" f 



S: 

S: 
S: 
S: 



Try 



( 



16 



16 7 *^ 

~ , or 1^ , so that goes to the right/) 

, so that's okay, ) 'V 



Try ij. (li 

' 11 - ' ' , 

No, that won't work because ^ goii^g to be positive, and the 

jump will go right. In fact, we don't have to try any negative numbers 



because they'll all go right. 



•er|c 



30 



SAM PLE F } c ontinued 



.9 



Tr Where are all the places you can start to -get a*jump that.goes'to the left? 
S: It looks as if anymumber between/the atandstili points will do it, , 

Why? ^:. . ' : / ' C^^ • ' ^ I . . 

S: When you multiply fraction between 0. and' 1 by itself; yo^s^'ll get a 

smaller, frattion. . . . ' 

T: Right. What do you^think will happen if we change the rule to: 



3i 



SAMPLE G 



The first time I introduced my class (6th grai^e) to this rule I used 



rule a as-. LI ^ [1 X || . and rule b as, .□ ■ . ' > □ and we determined < 

which rule \A>on lo r dif fefre/nt starting numbers. . • 



Start at n 10". 



^tart at - 10 



10 
10 



100 
-» 10" 



a wins 



100 • . 



Where do they tie? 



0 as first answer, then someone said/ 
0 was the only tie. ^; • 



Start at I 



2 
2 



4 
2 



a wins 



wStart at - 1 ; 



1-1 
-1 



1 



-> -1 



a wins 



/At this point someone said a ^l^vould always win except at 0 . Someone 
else said ^s tart at 1. 



1 — 1 

J _b_^ J tie at . 1 



Can. anyone find a^place where b will win? 
•Suggestion: ^--^ , . 



Then 7- 
6 



3 
2 
3 

y 
6 
j_ 

6 



a ^ 1 
> , — - 

36 



a wins 



b wins 



Suggestion: 2-^ -r 



7 ^ ^ 49 ,4 
— — ^ > or 5"" 

3 9 9 

7 

13 



b 7. _ 1 
— > 3 or 23 



a wins 



•I hoh - 



b wins 



er|c. 



' 3^ 



> 



■j 29 



SAMIM J*: C; , I ontiniiefl 




(unu* ru\i/ation: b wins\t'c)r« every fractiori between 0 and 1, 



-3 



.0 



'i 



6 



N'oxt' we'* conipa red rultvs 



n 



n 



->. n X rn 



a«d, o\Ti another day, 



n 



n 



■ □ X □ 



-» □ X n X □ 



? 



1 



t- . > 



<1 • 



83 



0 

ERIC 



) 



J 



SAMFn.E H 



4 



(Note: All: jumpB \yould be, drawn on number lineV) •, 

Start^at. «) , Make one juw. "Jff^d? [2^ ' 
Start at 7 . Make one jumpf; Land? > [49] ' - . 
Start at Make one jump. Land? [9]' 

(Digression^^^ -3 X - 3. if necessary. ) 0f ■ 
Start somewhere, make a jump and land on 100 . . Where did you start?' 
[10] Gould ^ have started somewh.e.re else and laWed on IpO? [Yes]^ 
If so, where? '[-10] : , 

Start somVswhere, make one jump and lahd on -16. Where did you 
start? [Impossible] 

(Digression for checking 4 and -4 if necessary. ) 
WMch starting number will give a longer jurnp, 4,382 6r -4,382 ? 
[-4,38^] Why? [ (4,382 )^-. (-.4,3iJ2) > (4,382)^ - (4,38^) ] 

^Notice that' all jumps so far have gone to the right, ^ Where can v/e 
start to go to the left? [Between 0 and ij If no^deas: Suppp&e spmeone 
said that therd was a negative starting number th^t would give la jump to 
the left. How would you prove that he was wrong? [If D^O then > 0 
,„d so > □ .] Suppose someone said that there was a „u„.ber.arou„d 
10.0 that would give a jump to the left. How would'you prove:, that W was 

wrong? [Starting numbers around 100 would give landing* numbers around 

2 _ 
100 or 10,000 . . This ingoing to the right. ] If still no ideas on jumps 

to the left; Is the«ro a place you can stai^t so thatrthe jump is, neither to 

■ ■ ■ ■■ ■ . 

the right nor to the left? [t) and 1 ] Where could you start to get a 

very iShort jijpp? ' [Cloae to 0 and close to " 1 ] Try some — e. g. , — , 



\ -L JL ' ,±. r • 1 

" 10 ' 10' ' ^10 l^''"'"^ Too ' Too ' loo ^TOO ^^^Pectively] 

I^W hie h ones go to th« left? [The jumps from ~ and . ] Ho\y long 



1 

100 



are thppe jumps? 



9 119 11 

LloO . ' Too * Too an<a Y5o, respectively]. 



SAMPLE Ht continued , ' ; . . " 

-■. ^ Of all tho jump\j thfXt go to the right, which- is longest? [There is none. ] 
" " . " *' ■ " \'. right : " ^ shortest? ' [ There 'is/none. ]. 



left . " lon^st? [St'^rt: ~ ] .. 



V M M M M M M M 

" *V " " • " , loft , " shortest? . [ There .;is none..] 



1 



What makes you .think starting at - gives the longest jump to the left? ' , 

Various answers could be given. You n^ay fin3 a proof difficult, but 
the answer might be justified with varying <^egreea of rigor as follows: 



■1) -J is right in the middle between 0 -and 1 . 



i)' -~ and ^ gave jumps of same length. ^ will and 

^ 1' To 10^ ' The close /y6u get to | the bigger 



the- jumps get. ^ will give biggest jump. 



3) The jump/ from -~~ and ~ are shorter than the one from t . 



2 



4) • If wc put any number which is close to zero (eith^^pos. or neg. ) in- A 

• . then the rule takes {7 + A) 'to {-^ + A)^/or ^ + A + A^ The 

/ . 2 / 4 

1 1 ' 1 ? • 

length of this jump is 7 + A -,-(-.+. A + . A ) or -7 - A . Since 
^ o .* 4 



6 




> 0 » < ' But the jump from^-j is of length , Therefore 

e jump y^otn - is longer than any other starting between 0 and 1 since 
we can pu\; any number in A as long as < A < — , 



•2 



; 3 



s/\M^^'J-<b H ,, continued 



S) Here is exactly the ^same airgument as in 4) above,, indifferent ' • • 

•r. .(?ind more) words. ' • 

1 ^ 1 ' 

Consider the jutnp starting at 7 . We land on 7 \ so.the length of the 

• ' . .'■,■« 
. ' 1 • . ■' - ■ • ■ ■ 

jump - . . We want fo know ho\^ the length of the jump changes if we start 

1 >I< « 1 *' 

a little J)it above or below - . ^ .So we think of starting at - + A , where 

- ..' ■• ■, ^ ] • . ■ ■ . 

we can put positive or negative numbers (between -- and - ) in the wedge. 

for the rest of this discussion we will not put 0 in A because we already 

know what happens when we start at — + 0 . of" ~ " 

2 ' 2 - 

We Tiow have a jui^jp_s tar ting at ^ + A . This lands'at + A)^ , 

^* ■ , 

which, when you multiply it out, is + A + A^ . The length ' * 
-of this jump is the difference between starting point and janding point. 
^ Thud the length is 

~4 + A - (-^ + A + A^.) • - ■ 

. - 2-4 . 

11 2 * * ^ ^ 

or . -r +• A - - - 'A -.A ^ ' ' 

2 4 . » 



We know that A^ > 0 no matter what we put in A . (Remember we are 

. It. 

■ ^ 2: ' ' 1 ■ 

not ptftting 0 in A . ) Also we kno>^that A \ must be less than , be- 

cause the only numbers we are putting in A are those such tljat 



smarting anywhere else where the jumps go* to the left, i. e. , starting anywhere 
between 0 and 1 (other than at 4 itself, of course). 

" ^ ■ '33 



So is above^Q but'is less th^—j . This makes thie leiigth, ^ 1 $ 

alwaya come out less than -j . So all the jumps starting above or below . 

J in tliis regiorl between 0 and I have- lengths of le^ss than - / Thus it 

• . . ■ - 

must be that the jump starting at j , which we have already ^found to have 
1 

a length of — is longer than. any of the others. And sj.nce this is the only 
region where there are jumps to the left, the jump from ^ is^the longest 
jump to the left. 



r 



